The phase diagram for the two-dimensional sine-Gordon system with incommensurability is investigated using a self-consistent variational approach. At T=O the system undergoes a well-known continuous transition between commensurate (C) and incommensurate (IC) solid phases. At low temperatures O<T <T R/2 the C-solid phase is separated from the IC-solid phase by a first-order transition line, and at high temperatures T R/2-s;;,T <T R the C-solid phase is separated by a liquid phase by a first-order transition line. T R is the roughening or melting temperature for the system without incommensurability, and this melting transition at T R is continuous. The liquid and the IC-solid phases are separated by a continuous transition line at T=T R/2, where the free energy has an essential singularity. § 1. Introduction
In recent years there has been growing interest 1n the commensurate-incommensurate (C-IC) transitionD~1ol in various systems such as one-dimensional electronicalD~sl and ionic 4 ) conductors, spin system with competing interactions'l,ol and submonolayer films adsorbed on solid surfaces.n,s> The C-IC transition is induced when the periodicity a of the environment or the external potential is different from the intrinsic periodicity b of the system. When the strength V of the external potential is large enough or the incommensurability P 0 -1 proportional to the periodicity difference b-a is small, the system is commensurate (C) with the external potential, otherwise the system is incommensurate (IC).
For a one-dimensional sine-Gordon (lDSG) system with incommensurability, an exact solution has been obtained by Frank and Van der Merwe (FV dM) 11 ) at the absolute zero of temperature (T = 0). At finite temperatures, however, thermal fluctuations smear out the phase transition in one-dimension. On the other hand, according to the theories of the roughening transition12l~1 4 l the fluctuations can be finite at low temperatures in a two-dimensional sine-Gordon (2DSG) system without incommensurability (P0 -l = 0). The roughening transition from finite fluctuation to infinite fluctuation can be interpreted as melting by increasing temperature. Adding a finite incommensurability to such a 2DSG system, the C-IC transition is expected to take place in a low-temperature solid phase.
The C-IC transition in 2D at finite temperatures was investigated by Pokrovsky and Talapov, 9 l using the renormalization group approach developed by Wieg-Y. Saito mann. 15 l However they did not consider the melting trans1t1on. Using an exact transformation from the 2DSG system to the 2D Coulomb gas system, Y amamoto 10 ' considered the melting transition in the incommensurate phase.
However, the C-IC transition is not found according to his results, and since his exact transformation is valid only for a single temperature, the global phase diagram cannot be obtained.
In this paper we calculate the phase diagram of the 2DSG system in a selfconsistent approximation which is an extension of the method used by the author previously in investigating the 2D roughening transition 14 l and related problems. 16 l The melting transition as well as C-IC transition is taken into account.
In the next section the 2DSG model is described in terms of the adsorbed layer on a substrate, and the self-consistent treatment is developed. In § 3 the phase diagram is obtained, and in § 4 the results are compared with other theories. § 2. Model and self-consistent approximation
The adsorbed atoms are assumed to be ordered in a square array, numbered as (l, m), and to be confined to the x-y plane. The substrate is assumed rigid, and its effect is replaced by a sinusoidal potential. If the x and y components of the adatom displacement are uncoupled as was assumed by Ying,n only one component, say the x-component x (l, m), needs to be considered, and the Hamiltonian is given as 1 1
(1)
The harmonic interaction between the nearest-neighbour adatoms prefers the periodicity b, whereas the sinusoidal potential due to the substrate lets the adsorbate have the periodicity a. In terms of a relative displacement h (l, m) from the commensurate configuration
the Hamiltonian 1s rewritten in the sine-Gordon (SG) form
(lm)
with an incommensurability parameter
Here the force constants are J = t aa 2 and J' = t $a 2 • The statistical mechanics at a finite temperature T is described by the partition function Z or the free energy F:
We calculate the free energy by using an effective Hamiltonian and the free energy ineq uality 14 J' 16 J where the average < · · )eff is defined as
Since the average displacement h (lm) and the pair correlation G(lmll'm') characterize the system, the effective Hamiltonian is chosen to have the following bilinear form:
where the average h and the correlation function G are given self-consistently as
Assuming that the correlation function G is translationally invariant
and has the Fourier components
we obtain the effective free energy F*, defined in (6), as
From the free energy inequality (6), the optimal values of hand G are determined
where the effective strength of the sinusoidal potential Veff is defined by
From (12), the configuration which minimizes the free energy 1s seen to have the property
The variational equation (13a) for the averaged displacement h (l) then reduces to the one-dimensional one discussed by FV dMlll in relation to the dislocation problems. The continuous approximation
leads to the periodic solution
where the notation of elliptic functions has been usedlll. m and O<k<1, and where
The displacements h (l) and h (l+P,) differ by unity, where
represents the number of atoms per dislocation. The average separation between the nearest-neighbour adatoms b is given by
The actual incommensurability Pe -I vanishes in the commensurate phase (b =a)
and has finite value in the incommensurate phase (b=f=a). By using the sol uti on (17), we obtain (21) 
In the following we consider the typical two-dimensional case J = J'. (The extension to the one-dimensional case J' = 0 is straightforward and it is found that the fluctuation smears out the C-IC transition at finite temperatures.) For small ~-\ the effective strength Yerf is determined from G (q) with relation (14) to be (24) Equations (23) and (24) impose a self-consistent condition on the correlation length
where (26) and (27) Substituting the solutions (17) and (22) into (12), one obtains the free energy F* in terms of h and l, as
The physical variables, i.e., the actual incommensurability P, -1 and the measure of fluctuations l, -\ are determined by the minimization conditions
The first condition (29) agrees with the self-consistency condition (25).
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The second, (30) is an extension of the condition given by FV elM in which l, is replaced by its T = 0 value, l 0 • In order to obtain the phase diagram one has to look for the true minimum of the free energy F* (l, -\ Fe -J) in the physical region l, -1 >0, P, -1 >0. This will be discussed in the next section. § 3.
Phase diagram
As mentioned in the previous section, the physical quant1t1es le -J, P, -J are restricted to nonnegative region. For the case le -J >O, the correlation length t;
is finite and the correlation of the displacement fluctuations
remams finite even for the infinite separation and the system is in the liquid phase.
In the liquid phase (l, -J = 0), the definition (19) of Pe implies k = 0 and kl, = Pe since K (0) = n/2. The free energy is given by
which has a minimum at P. -l = P 0 -1 • The system has its intrinsic periodicity b =b.
This result is obvious, since for z. -J = r;-J = 0 the external potential is smeared out (Veff = 0) and the adsorbed system feels only its intrinsic periodicity b. In the following we take the zero of the free energy to be its value in the liquid phase:
The other limiting case Pe -J = 0 corresponds to the commensurate phase, and the definition (19) implies k = 1. The self-consistent condition (25) reduces to (29) and (30), or P 0 -I = p-1 (k), where
The asymptotic form of p-1 (k) for small k
behaves quite differently for temperatures above and below T R/2. It diverges for T<TR/2 (or t<~) and vanishes for T>TR/2 (or t>~) as k--'>0. We discuss the phase diagram for T > T R/2 and T <T R/2 separately.
The parametric relation between the incommensurability P 0 -1 = p-1 (k) and the actual value P. -1 (k) is shown in Fig. 1 for various temperatures. At T = 0, Pe -1 (k) and P 0 -1 = p-1 (k) increase monotonically as k decreases from 1 to 0 as is shovm in Fig. 1 (a) . Since the minimum value of p-1 (k) is (2/n:) [ 0 -I at k = 1, the IC-solid state is impossible for P 0 -1 smaller than (2/n:) [0 -1 • Here the C-solid phase has the lower free energy than the liquid phase. For P 0 -1 larger than (2/n) [ 0 -\ the IC-solid phase is possible and is more stable than the C-solid or the liquid phases. The C-IC transition at P 0 -1 = (2/n) [0 -1 is continuous, and has already been discussed by FV elM. w For O<T <T R/2, p-1 (k) decreases and passes through a minimum on decreasing k as is shown in Fig. 1 (b) . In order to determine the most stable phase, the free energies of the liquid F L * = 0, the C-solid F!5s, (38), and the IC-solid Ffcs, (28) with (29) and (30), are plotted as a function of P 0 -I in Fig. 2 . For small P 0 -\ the C-solid has the lowest free energy and most stable. At P 0 -I equals Pc; §. 1cs (smaller than p-1 (k = 1)) the free energies F;55 and F[cs are equal and the C-solid phase coexists with the IC-solid phase. For P 0 -I larger than Pc; §.1cs
the IC-solid phase is the most stable. As is shown by a solid line in Fig. 1 (b) , the C-IC transition at P 0 -I = Yd.rcs is associated with a jump in Fe-\ and is first-order. On increasing the temperature T to T R/2, the upper branch of the IC-solid phase shown in Fig. 1(b) approaches the liquid line P 6 -1 =P0-\ and at T=TR/2 the IC-solid-liquid phase transition takes place continuously. For a fixed and finite value of P 0 -1 (larger than zo-2 /vTf, see Fig. 1 (c) Substituting these values, (42) and (43), in the free energy expression (28), the asymptotic form of the free energy of the IC-solid phase is obtained to be
for t->}-0. The free energy Ffcs is continuous but has an essential singularity at the transition temperature t = t.
Just at T=TR/2, the IC-solid phase can exist between P 0 -1 =P-1 (1~=1) = (2/rr)l0-2 and P 0 -1 =P-1 (k=0) = (1/vTf)Z0-2 as is shown by a dashed line in Fig. 1 (c) , and is found unstable by the free energy comparison. The stable state is either the C-solid or the liquid phases, and as discussed previously the phase transition between these two phases takes place at P0 -1 = P;/ where
The continuous phase transition line between the IC-solid and liquid phases ends at this end point P 0 -1 =P;/.
At high temperatures T > T R/2, both p -l (k) and P, -I (k) approach zero for ~~~o and are bounded from above as is shown by a dashed line in Fig. 1 (d) . The free For Po -I< p-l (!~ = 1) the IC-solicl phase is possible, but its free energy is higher than those of C-solid or liquid phases. Therefore for P 0 -l smaller than FeLL as given by Eq. (39) the C-solid phase is stable, and for P 0-1 larger than Pc §.L the liquid phase is stable. This phase transition is also associated with a jump in Pe-l as is shown by a solid line in Fig. 1 (d) where the IC-solid phases branches out from the C-solid phase continuously as is shown in Fig. 1 . By comparing the free energies of various phases, however, the phase boundary is not given by Eq. (47). Since Pokrovsky and Talapov used Wiegmann renormalization group and the details are not published, we cannot compare the results in more detail.
Yamamoto 10 J has considered the melting transition as well as the C-IC transition at T = T R/2. He obtained a first-order transition from the IC-solid phase to the liquid. Our result at T = T R/2 contradicts his result, since we find a C-solid to liquid phase transition at T = T R/2. Since there should be a C-IC transition at T = 0, 11 l the absence of commensurate phase in Yamamoto's calculation at T = T R/2 is very difficult to interpret. In the problem of roughening transition, the renormalization group (RG) calculation was performed,13l and the modified critical behaviours are obtained. Although several phase boundaries in the C-IC transition problems are first-order lines, the application of RG method may be interesting.
